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We establish a new self-consistent system of equations accounting for a nonminimal coupling of
the cooperative gravitational, electromagnetic and pseudoscalar (axion) fields in a multi-component
relativistic plasma. The axionic extension of the nonminimal Einstein-Maxwell-Vlasov theory is
based on two consistent procedures. First, we use the Lagrange formalism to obtain nonminimal
equations for the gravitational, electromagnetic and pseudoscalar fields with the additional sources
generated in plasma. Second, we use the Vlasov version of the relativistic kinetic theory of the
plasma, guided by the cooperative macroscopic electromagnetic, gravitational and axionic fields,
to describe adequately the response of the plasma on the variations of these fields. In order to
show the self-consistency of this approach we check directly the compatibility conditions for the
master equations for the cooperative fields. Using these compatibility conditions we reconstruct the
ponderomotive force, which acts on the plasma particles, and discuss the necessary conditions for
existence of the distribution function of the equilibrium type.
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I. INTRODUCTION
A. What does the Einstein-Maxwell-Vlasov-axion model describe?
The Einstein-Maxwell-Vlasov-axion model deals with the self-consistent theory of interaction between gravita-
tional, electromagnetic, pseudoscalar (axion) fields and a relativistic multi-component plasma. The specific concept
introduced by Vlasov into the plasma theory, namely, the concept of cooperative macroscopic field [1, 2] (or, equiv-
alently, self-consistent, collective, average, mean field) had became the highly sought one in modern physics. Let us
remind, that the well-known Maxwell-Vlasov model (the basic element of modern plasma theory [3, 4]) deals with
the cooperative electromagnetic field, which is created by the electrically charged particles in plasma and which
regulates the plasma state variations. From the mathematical point of view, the Lorentz force, which enters the
kinetic equation, contains the tensor of electromagnetic field (the Maxwell tensor, Fik), which is the solution of
the Maxwell equations with the electric current four-vector, averaged over the ensemble of these charged particles.
Thus, according to the Vlasov concept, the ensemble of plasma particles controls itself by means of cooperative
electromagnetic field. In this context, the Einstein-Vlasov model (see, e.g., [5, 6]) deals with the cooperative
gravitational field, which is created by some statistical system (e.g., gas or plasma) and guides this system in a self-
consistent manner. In the Einstein-Vlasov models with scalar field (see, e.g., [7]) new (scalar) sources contribute
to the creation of gravitational field, in which the kinetic system evolves. The axionic extension of the Vlasov idea
is based on the introduction of cooperative pseudoscalar (axion) field; this model is not yet elaborated, here we
start to discuss the Vlasov-type models of the axionically active plasma. When we combine the Einstein-Vlasov,
Maxwell-Vlasov and axion-Vlasov models, we deal with the cooperative gravitational-electromagnetic-pseudoscalar
field, which regulates the behavior of relativistic plasma and displays specific cross-interactions. To illustrate the
appearance of cross-interactions let us remind, for instance, the details of the theory of relativistic gravitationally
coupled plasma systems, studied in various contexts, e.g., in [8–10]. In fact, we deal there with the application of
the Einstein-Maxwell-Vlasov model, and the coupling of cooperative gravitational and electromagnetic fields of the
plasma is the example of such cross-interaction. Clearly, the presented here Einstein-Maxwell-Vlasov-axion model
includes the description of the gravitational-electromagnetic, gravitational-axion, axion-photon cross-couplings,
and all these interactions can be unified on the base of the Vlasov concept of the cooperative field of the plasma
system.
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2B. What does the nonminimal coupling scheme add to the model?
The description of the nonminimal coupling of the gravitational field with scalar, pseudoscalar (axion), electro-
magnetic, massive vector and gauge fields is based on the introduction of specific cross-terms into the Lagrangian,
which contain the Riemann tensor Rikmn, the Ricci tensor, Rkn, and Ricci scalar, R, on the one hand, and the
corresponding fields and their derivatives, on the other hand. The theory of nonminimal coupling is elaborated in
detail for the scalar field (real and complex fields Φ, as well as Higgs multiplets Φ(a)) (see, e.g., [11–13] for review
and references). Special attention in these investigations is focused on two models, the first of them has the ξRΦ2
coupling, and the second has the so-called nonminimal derivative coupling [14, 15]. The study of a nonminimal cou-
pling of gravity with electromagnetic field started in [16] and this theory has been developed by many authors (see,
e.g., [17–22]). Exact solutions in the framework of nonminimal Einstein-Yang-Mills and Einstein-Yang-Mills-Higgs
theories are discussed in [23–25]. Nonminimal models of the axion-photon coupling were considered in [26].
When we deal with the nonminimal Einstein-Maxwell-Vlasov-axion model, we should, first, recover all the
cross-terms appeared in the nonminimal Einstein-Maxwell-axion field theory [26]. The second step in this way is
connected with the description of the nonminimal coupling of plasma to gravity. In [27, 28] one can find the models
of the nonminimal coupling of gravity to matter. We follow here the Vlasov concept and use another way: we
introduce into the kinetic equation the tidal (curvature induced) force linear in the Riemann tensor related to the
cooperative gravitational field in analogy with the Stokes, Langevin, antifriction, etc. forces considered in [29–31].
Thus, in our model we describe the nonminimal coupling of gravity with fields (electromagnetic and pseudoscalar)
and with matter (plasma particles).
C. Why this model could be interesting for applications to cosmology and astrophysics?
Our Universe expands with acceleration. This phenomenon, discovered in the observations of the Supernovae
Ia [32–34], can be explained in two different ways. The first explanation is based on the hypothesis that there
exists a dark energy [35–37], a cosmic substrate with negative pressure. Together with the dark matter [38–40],
the existence of which is usually associated with the observations of the flat velocity curves of the spiral galaxies
rotation [41, 42], the dark energy form the so-called cosmic dark fluid. The total contribution of the dark energy
and dark matter into the energy balance of the Universe is estimated to be about 95%, thus the dark fluid guides
the Universe late-time evolution and predetermines its fate. The second way of the explanation of the Universe
accelerated expansion is connected with the generalization of the Einstein gravitational theory (see [13] for review
and references), the nonminimal field theory being one of the versions of such generalization. Axions, hypothetical
light massive pseudo-bosons, which appeared in the cosmological lexicon in the context of the strong CP-violation
problem and spontaneous breaking of symmetry in the early Universe (see, e.g., [43–48]), are considered as one
of the dark matter candidates (see, e.g., [49–51] and references therein). Keeping in mind that the contribution
of the dark matter into the total Universe energy-density is about 23%, we should consider in detail the role of
the pseudoscalar (axion) field in the Universe evolution, when we use the nonminimal field theory approach to its
description.
Another motif to consider the Vlasov version of the Einstein-Maxwell-axion-plasma model is connected with
the idea of self-regulation (self-guiding) of the cosmic dark fluid based on the Vlasov concept of a cooperative field.
Such a self-regulation might, for instance, avoid the Big Rip scenaria [52] of the late-time Universe evolution in
analogy with the dynamic singularity avoidance in the F (R), f(T )-gravity models and their modifications, in the
models with Chaplygin gas, in the model for the dark energy with various effective time-dependent equations of
state (see, e.g., [53, 54]).
In addition, we keep in mind that plasma is an important constituent of many objects and media in our
Universe, and that the photons emitted, scattered or deflected by the plasma particles, propagate in the environment
of axionic dark matter. Thus, the minimal and nonminimal models of the axion-photon coupling in a relativistic
plasma can clarify some properties of the electromagnetic waves emitted by astrophysical sources and detected by
astronomers. In particular, one can expect detection of fingerprints of the axionic dark matter in the spectra of
plasma frequencies and in the polarization rotation effects [55].
D. Our goal and structure of this paper
We are interested in establishing and detailed analysis of a new self-consistent Einstein-Maxwell-Vlasov-axion
model, which describes evolutionary processes in a relativistic multi-component plasma guided by cooperative
gravitational-electromagnetic-pseudoscalar (axion) fields. In this work we formulate both minimal and nonminimal
Einstein-Maxwell-Vlasov-axion-plasma models using the combined Lagrange formalism and the kinetic approach.
In order to show self-consistency of this combined approach we check directly the compatibility conditions for the
coupled master equations describing the cooperative gravitational, electromagnetic and pseudoscalar (axion) fields
in plasma.
3This work is organized as follows. In Section II we formulate the Vlasov approach to the description of
the minimal Einstein-Maxwell-axion-plasma model. In Subsection IIA we consider the Lagrangian composed of
classical terms for the gravitational, electromagnetic, pseudoscalar fields, as well as the term describing the minimal
axion-photon coupling, and a general additive term for matter. In Subsection II B we obtain minimal master
equations for the gravitational, electromagnetic, pseudoscalar (axion) fields with sources induced by plasma (in
general form), and the corresponding compatibility conditions. In Subsection II C we formulate the kinetic equation
of the Vlasov type (II C 1), consider the moments of the distribution function (II C 2), reconstruct the effective
force using the compatibility conditions (II C 3), discuss the problem of entropy balance (II C 4), and discuss the
structure of the distribution function of the equilibrium type as a solution to the kinetic equation with cooperative
gravitational, electromagnetic and axion fields (II C 5). Section III contains the nonminimal generalizations of the
master equations for the gravitational, electromagnetic and axion fields, as well as the analysis of the generalized
compatibility conditions. In Section IV we discuss the obtained results. Appendices A and B contain auxiliary and
preparatory formulas, which are necessary for the self-consistent formulation of the model.
II. MINIMAL EINSTEIN-MAXWELL- VLASOV-AXION MODEL
A. Action functional
We start with the action functional
S(M)=
∫
d4x
√−g
{
R+2Λ
2κ
+
1
4
Fmn
(
Fmn+φ
∗
Fmn
)
+L(m)−
1
2
Ψ20
[
gmn∇mφ∇nφ−m2(A)φ2−V (φ2)
]}
, (1)
where gik is the spacetime metric, g is its determinant, ∇k denotes the covariant derivative, R is the Ricci scalar,
Λ is the cosmological constant, κ is the Einstein constant. The Maxwell tensor Fmn is expressed in terms of
four-vector potential of the electromagnetic field Am:
Fmn ≡ ∇mAn −∇nAm . (2)
The term
∗
Fmn ≡ 12ǫmnpqFpq describes the tensor dual to the Maxwell tensor; ǫmnpq ≡ 1√−gEmnpq is the Levi-
Civita tensor, Emnpq is the absolutely antisymmetric Levi-Civita symbol with E0123 = 1. The dual Maxwell tensor
satisfies the condition
∇k
∗
F ik = 0 . (3)
The symbol φ is used for the dimensionless pseudoscalar field; the axion field itself, Φ, is considered to be propor-
tional to this quantity Φ=Ψ0φ with a coupling constant Ψ0. The term m(A) is proportional to a (hypothetical)
mass of an axion, m(A) =
m(axion)
~
; ~ is the Planck constant; V (φ2) is a potential of the pseudoscalar field. We use
the signature +−−−, and the units with c=1. The term L(m) stands for the Lagrangian of a matter interacting in
general case with electromagnetic, pseudoscalar and gravitational fields; this term is considered to be the function
of Ai, φ and gik.
B. Master equations for the cooperative fields
1. Electrodynamic equations
The variation of the action functional (1) with respect to the four-vector potential Ai gives the electrodynamic
equations
∇k
(
F ik + φ
∗
F ik
)
= −δL(m)
δAi
, (4)
which can be transformed into
∇kF ik = −
∗
F ik∇kφ− Ii , (5)
using the equations (3) and the standard definition of the electric current four-vector Ii, induced in plasma:
δL(m)
δAi
≡ Ii . (6)
The term
∗
F ik∇kφ in (5) can be indicated as axionically induced effective current.
42. Master equation for the pseudoscalar (axion) field
The variation procedure with respect to the pseudoscalar field φ yields
[
∇k∇k+m2(A)+V ′(φ2)
]
φ = − 1
Ψ20
[
1
4
∗
FmnFmn+J
]
, (7)
where the following definition is used for the scalar J :
J ≡ δL(m)
δφ
. (8)
Two source-like terms in the right-hand side of this equation appear: the first relates to the standard electromagnetic
source for the axion field, the second one can be interpreted as a scalar current provided by the interaction of plasma
particles with the axion field.
3. Master equations for the gravitational field
The variation of the action functional (1) with respect to the metric gik gives the gravity field equations
Rik − 1
2
Rgik = Λgik + κ
[
T
(EM)
ik + T
(A)
ik + T
(m)
ik
]
. (9)
Here the stress-energy tensor of the electromagnetic field is of the standard form
T
(EM)
ik ≡
1
4
gikFmnF
mn − FimF mk , (10)
the stress-energy tensor of the pseudoscalar field is
T
(A)
ik ≡ Ψ20
{
∇iφ∇kφ− 1
2
gik
[
∇mφ∇mφ−m2(A)φ2 − V (φ2)
]}
, (11)
and the stress-energy tensor of the plasma particles is given by the following expression:
T
(m)
ik = −
2√−g
δ
[√−gL(m)]
δgik
. (12)
Let us stress that the variation of the term
1
4
√−g φFmn
∗
Fmn =
1
8
φEikmnFikFmn (13)
vanishes, since this term does not depend on metric.
4. Compatibility conditions
Two compatibility conditions are well-known; the first one
∇kIk = 0 , (14)
is the differential consequence of the equation (5); the second condition follows from the Bianchi identities and
yields
∇k
(
Rik − 1
2
Rgik
)
≡ 0 = κ∇k
[
T
(EM)
ik + T
(A)
ik + T
(m)
ik
]
. (15)
Using the equations (5) and (7) one can rewrite the last condition in the form
∇kT (m)ik = FikIk + J∇iφ . (16)
Here we used the formula
F im
∗
F km =
1
4
gik
∗
FmnF
mn , (17)
5which allows us to reduce the pseudotensor F im
∗
F km (see Appendix A for details). Now we have to divide the
stress-energy tensor of the matter T
(m)
ik into two parts
T
(m)
ik = T (m)ik + T (D)ik . (18)
The first part, T (m)ik , relates to the (massive) plasma particles, and this stress-energy tensor will be represented
below in terms of kinetic theory as a second-order moment of the distribution function. The term T
(D)
ik corresponds
to nonkinetic substrates, for instance, in the cosmological context it describes a dark fluid composed of a dark
energy and dark matter. We suppose that T
(D)
ik can be written in the standard form
T
(D)
ik = ρ
(D)UiUk + I
(D)
i Uk + I
(D)
k Ui + P(D)ik , (19)
where ρ(D) is the energy-density (e.g., of the dark fluid), I
(D)
i is the heat-flux four-vector, U
k is the velocity
four-vector of the substrate, and P(D)ik is the pressure tensor.
C. Kinetic representation of the material sources in the equations for the cooperative fields
1. Axionic generalization of the Vlasov kinetic equation
The relativistic collisionless kinetic equation based on the Vlasov approach is of the form
pi
m(a)
[
∂
∂xi
−Γkilpl
∂
∂pk
]
f(a)+
∂
∂pk
[
Fk(a)f(a)
]
=0 , (20)
where f(a) is the distribution function of the particles of the sort (a), p
i is the momentum four-vector of the particle
with the mass m(a). The four-vector Fk(a) plays a role of effective force, which acts on the charged particle in the
axion-active plasma.
2. Macroscopic moments
In the Vlasov model the electric current four-vector Ii is considered to consist in a linear combination of first
moments of the distribution functions
Ii =
∑
(a)
e(a)
∫
dPf(a) p
i , (21)
where e(a) denotes the electric charge of the particle of the sort (a); dP =
√−g d4p is the invariant integration
volume in the momentum four-dimensional space. The stress-energy tensor of the particles is given by the second
moment of the distribution function
T (m)ik =
∑
(a)
∫
dPf(a)p
ipk . (22)
Since the particle momentum four-vector is normalized (gikp
ipk=m2(a)), the trace of the stress-energy tensor is
T (m) =
∑
(a)
T(a) = gikT (m)ik =
∑
(a)
m2(a)
∫
dPf(a) , (23)
i.e., it can be represented by the zero-order moment. The pseudoscalar source J can also be considered as a
zero-order moment of the distribution function
J =
∑
(a)
∫
dPf(a)G(a) (24)
with the pseudoscalar quantity G(a), which can, in principle, be decomposed with respect to the particle momentum
four-vector pk as follows
G(a) = α(a)φ+ β(a)pk∇kφ+ γ(a)pkFmk∇mφ+ . . . . (25)
The coefficients in this decomposition are introduced phenomenologically, but below we consider the constraints
for them coming from compatibility conditions.
63. Reconstruction of the effective force using the compatibility conditions
The first compatibility condition (14) with (21) and (20) yields
∇kIk = −
∑
(a)
e(a)m(a)
∫
dP
∂
∂pk
[
Fk(a)f(a)
]
≡ 0 , (26)
i.e., this condition is satisfied for arbitrary force-like term Fk(a). The divergence of the stress-energy tensor yields
∇kT (m)ik=∇k
∑
(a)
∫
dPf(a)p
ipk = −
∑
(a)
m(a)
∫
dPpi
∂
∂pk
[
Fk(a)f(a)
]
=
∑
(a)
m(a)
∫
dPf(a)F i(a), (27)
thus, according to (16) and (21), the force-like term F i(a) has to satisfy the condition
∑
(a)
∫
dPf(a)
[
m(a)F i(a)−e(a)F impm
]
= J∇iφ−∇kT (D)ik . (28)
For the sake of simplicity we suppose below that the stress-energy tensor T (D)ik is divergence-free, i.e., ∇kT (D)ik=0,
but of course, it is easy to enlarge the formalism discussed below for the case, when the energy-momentum of the
dark fluid is not a conserved quantity. Then according to (28) the term Fk(a) splits into the standard Lorentz force
linear in the particle momentum four-vector, and the force Ri(a) induced by the axion field
m(a)F i(a) = e(a)F isps +Ri(a) . (29)
For the quantity Ri(a) we obtain the integral equation
∑
(a)
∫
dPf(a)
[
R
i
(a) − G(a)∇iφ
]
= 0 . (30)
There are three principal possibilities to resolve this integral equation. Let us consider them in more detail.
(i) There are no contact plasma-axion interactions
The simplest version assumes that axions interact with plasma through the electromagnetic field only, so that the
Lagrangian L(m) does not contain the pseudoscalar field φ. This means that the source term J vanishes and the
force Ri(a) is absent. Thus the compatibility conditions (30) are assumed to be satisfied identically.
(ii) Microscopic force and particle rest-mass variation
The second version relates to the reconstruction of a microscopic force, which can include the particle momentum
four-vector pi, the axion field φ and its derivatives. Keeping in mind (30) such a force can be represented as
R
i
(a)=G(a)∇iφ, and clearly this force is not orthogonal to the particle momentum four-vector pi. This means that
the particle rest mass is not conserved. In order to illustrate such a model let us assume that only the first term
in (25) is nonvanishing, i.e., G(a)=α(a)φ, where α(a) is constant. Then
1
2
d
dτ
[
pip
i
]
=
1
m(a)
R
i
(a)pi =
1
2
d
dτ
[
α(a)φ
2
]
, (31)
and the square of the particle momentum four-vector
pip
i = m2(a) + α(a)φ
2 (32)
depends on coordinates through the axion field φ.
(iii) Ponderomotive force in plasma induced by axions
The third variant to solve the integral equation (30) is to reconstruct a macroscopic force, which can contain some
macroscopic moments of the distribution function; we indicate the force of this type as the ponderomotive force in
analogy with the force appearing in the electrodynamics of continuous media. In our case the macroscopic force can
be found using the following ansatz. Let the force be orthogonal to the particle four-momentum (thus providing
the mass conservation), be quadratic in pk and have the form
R
i
(a) =
[
δik (psp
s)− pipk
]
ν(a)Bk , Ri(a)pi ≡ 0 , (33)
7where ν(a) are constants introduced phenomenologically, and Bk are unknown functions. Then one obtains∑
(a)
∫
dPf(a)R
i
(a) = Sik Bk , (34)
where
Sik ≡
[
δik S
m
m − Sik
]
, Sik =
∑
(a)
ν(a)T ik(a) . (35)
Now, the condition (28) yields that the term Bk can be found using matrix equation
SikBk = J∇iφ , Bk = S˜kl J∇lφ , (36)
where S˜ik is the reciprocal matrix to the matrix Sik, i.e., S˜ikSkl = δil . Of course, we assume that the matrix Sik is
nondegenerated, i.e., detSik 6= 0. Finally, the force, which we search for, has the form
R
i
(a) =
[
δik(psp
s)− pipk
]
ν(a)S˜kl J∇lφ . (37)
In order to illustrate the described procedure let us consider the following example. Let ν(a) = ν (i.e., these
parameters do not depend on sort of particles (a)), and let the stress-energy tensor of the plasma particles be
described by the tensor for perfect fluid, i.e.,
T ik = (W + P )U iUk − δikP . (38)
Then the tensors Sik and S˜kl are, respectively,
Sik = ν
[
δik(W − 2P )− (W + P )U iUk
]
, (39)
S˜kl =
1
3νP (W − 2P )
[
3Pδkl − (W + P )UkUl
]
. (40)
Here W is the energy-density scalar, P is the Pascal pressure, U i is the macroscopic velocity four-vector of the
plasma system as a whole. Clearly, the reciprocal tensor exists, when P 6= 0 and W 6= 2P . There is one interesting
subcase: when W = 5P one obtains from (39)
Sik =
3ν
5
WLik , S˜kl =
5
3νW
Lkl ,
Lik ≡ δik − 2U iUk , LikLkl = δil . (41)
Keeping in mind the standard equation of state P = (γ − 1)W , we see that this case relates to the value γ = 65 ,
i.e., the adiabatic index γ coincides with the upper critical value obtained in the Lane-Emden theory of Newtonian
stars (see, e.g., [56]).
4. Entropy balance equation
The entropy production of the kinetic system, the evolution of which is guided by the kinetic equation (20) is
connected with the action of the force ℜi(a) (k(B) is the Boltzmann constant, h = 2π~):
σ = ∇iSi = −k(B)∇i
∑
(a)
∫
dPf(a)p
i
[
log (h3f(a))−1
]
= k(B)
∑
(a)
m(a)
∫
dP log (h3f(a))
∂
∂pi
[
F i(a)f(a)
]
=
= k(B)
∑
(a)
∫
dPf(a)
∂
∂pi
R
i
(a) . (42)
Clearly, the entropy production is absent when Ri(a) is vanishing or does not depend on p
k, as it was in the case
of microscopic force reconstruction. When the ponderomotive force exists, we find using (37) that the entropy
production scalar is nonvanishing and is proportional to the pseudoscalar source-term J :
σ = −3k(B)J S˜lk∇lφ
∑
(a)
ν(a)
∫
dPf(a)p
k . (43)
When J=0, we see that σ=0, and the plasma is in the state of local equilibrium.
85. On distribution functions of the equilibrium type
Equilibrium-type distribution function
f
(eq)
(a) = h
−3 exp
{
µ(a) − ξ(a)k pk
}
(44)
satisfies the kinetic equation (20) with the force (29), (33), when
pi
[
∂
∂xi
µ(a)+e(a)Fikξ
k(a)−3ν(a)Bi
]
− pipk
[
∇iξ(a)k −ξ(a)i ν(a)Bk+gikξs(a)ν(a)Bs
]
=0 . (45)
The momentum four-vector in this context is considered to be a random variable, thus, one obtains two sets of
conditions, which are necessary the equation (45) to be satisfied. The first set of conditions
∂
∂xi
µ(a)=−e(a)Fikξk(a)+3ν(a)Bi , (46)
contains four equations for one unknown function µ(a) (for the fixed index of the sort (a)). The integrability
conditions ∂
2
∂xi∂xj
µ(a) =
∂2
∂xj∂xi
µ(a) are satisfied, when
e(a)
[
∂
∂xi
£ξAj − ∂
∂xj
£ξAi
]
= −3ν(a)
[
∂
∂xi
Bj − ∂
∂xj
Bi
]
. (47)
Here the symbol £ξ denotes the Lie derivative along the four-vector ξ
i(a)
£ξAj ≡ ξl(a) ∂
∂xl
Aj +Al
∂
∂xj
ξl(a) . (48)
The second term in (45), quadratic in the particle momentum four-vector, gives the condition
£ξgik ≡ ∇iξ(a)k +∇kξ(a)i = ν(a)
[
ξ
(a)
i Bk+ξ(a)k Bi−2gikξs(a)Bs
]
. (49)
When Bs=0 it is the well-known Killing equation. When the right-hand side of the equation (49) is not vanishing,
we deal with a generalization of the Killing equation. In a particular case, when ξ
(a)
i =ξi, and ν(a)=ν i.e., they do
not depend on the sort of particle, and Bi=Bξi, the equation (49) reduces to the equation
£ξgik = −2νB [gikξsξs − ξiξk] , (50)
discussed in the works [29, 30] in the context of the antifriction force and accelerated expansion of the Universe.
The equilibrium state in plasma exists if the equation (49) admits the existence of the time-like four-vectors ξ
(a)
i ,
and if they coincide for all sorts of particles, i.e., ξ
(a)
i = ξi. The solution of (47) is
e(a)£ξAj = −3ν(a)Bj +
∂
∂xj
Ψ(a) , (51)
where Ψ(a) is arbitrary scalar. Let us consider two different cases.
(i) General case Ai 6= 0
When Ai 6= 0, the scalar Ψ(a) can be eliminated using the gauge transformation of the potential four-vector
Aj → A˜j +∇jΨ˜ , Ψ(a) = e(a)ξl(a)
∂
∂xl
Ψ˜ , (52)
thus Ψ(a) can be put equal to zero. When (51) is satisfied, the scalar function µ(a) can be found from the equation
∂
∂xi
µ(a) = −e(a)
[
Fikξ
k(a) +£ξAi
]
= −e(a)
∂
∂xi
[
ξk(a)Ak
]
, (53)
yielding
µ(a) = µ˜
(0)
(a) − e(a)ξ
(a)
k A
k , (54)
where µ˜
(0)
(a) is a constant. Thus, when, first, the four-vector ξ
i=ξi(a) is timelike and satisfies the equation (49),
second, the equation (51) is satisfied, then, using the standard definitions of the chemical potentials µ
(0)
(a), of the
macroscopic velocity four-vector U i and of the temperature T
µ˜
(0)
(a) =
µ
(0)
(a)
k(B)T
, ξi =
U i
k(B)T
, (55)
9one can rewrite the equilibrium type function (44) in the well-known form
h3f
(eq)
(a) =exp


µ
(0)
(a)−Ui
[
pi+e(a)A
i
]
k(B)T

 δ
[√
pipi−m(a)
]
. (56)
Let us mention that in this case the force-like term (33), quadratic in the particle four-momentum
R
i
(a) = −
1
3
[
gik (psp
s)− pipk] e(a)£ξAk (57)
is proportional to the Lie derivative of the electromagnetic potential four-vector.
(ii) Special case Ai=0
When the macroscopic electromagnetic field in the electroneutral plasma vanishes, and thus Ai = 0, the equation
(51) is satisfied, if the four-vector Bj is the gradient four-vector
Bj = 1
3ν(a)
∂
∂xj
Ψ(a) , µ(a) = µ˜
(0)
(a) −Ψ(a) . (58)
As for the equation (49), it now is of the form
£ξgik =
1
3
[
ξ
(a)
i ∇kΨ(a)+ξ(a)k ∇iΨ(a)−2gikξs(a)∇sΨ(a)
]
. (59)
In other words, the contact interactions between axions and plasma particles can support an equilibrium state in
the system, when the coupling parameters satisfy some specific conditions.
III. NONMINIMAL EXTENSION OF THE EINSTEIN-MAXWELL-VLASOV-AXION - PLASMA
MODEL
A. Nonminimal extension of the Lagrangian
We consider now the total action functional as a sum of minimal and nonminimal contributions
S = S(M) + S(NM) , (60)
where S(M) is given by (1) and
S(NM) =
∫
d4x
√−g
{
1
4
RikmnFikFmn + 1
4
χikmn(A) φ Fik
∗
Fmn − 1
2
Ψ20
[
ℜmn(A)∇mφ∇nφ− η(A)Rφ2
]}
. (61)
The quantity Rikmn is a nonminimal three-parameter susceptibility tensor [21], which has a form
Rikmn = q1Rgikmn + q2ℜikmn + q3Rikmn , (62)
where the following auxiliary tensors are introduced
gikmn ≡ 1
2
(gimgkn−gingkm) , (63)
ℜikmn ≡ 1
2
(Rimgkn−Ringkm+Rkngim−Rkmgin) . (64)
The constants q1, q2 and q3 are nonminimal parameters describing the linear coupling of the Maxwell tensor Fmn
with curvature [21]. The quantity χikmn(A) , the nonminimal susceptibility tensor describing the linear coupling of the
dual tensor
∗
Fmn with curvature, can be initially modeled as
χikmn(A) = Q1Rg
ikmn+Q2ℜikmn+Q3Rikmn , (65)
using the direct analogy with the decomposition (62) and introducing three phenomenological parameters Q1, Q2
and Q3. As in the previous case, the combination φ
∗
Fmn gives the tensor quantity, thus χ
ikmn
(A) is also a pure
tensor. However, taking into account the relation (17) we conclude that the term ℜikmnφFik
∗
Fmn is proportional
to RgikmnφFik
∗
Fmn, and we have only two independent coupling constants among three parameters Q1, Q2 and
Q3. In the next subsection we discuss this problem in detail and motivate our ansatz that Q2 = −Q3.
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The tensors Rikmn and χikmn(A) , defined by (62) and (65), are skew-symmetric with respect to transposition of
the indices i and k, as well as m and n. In addition the following relations take place
Rikmn = Rmnik , χikmn(A) = χmnik(A) , (66)
which guarantee that the model under consideration does not contain the solutions of the skewon type [57]. The
symmetric tensor
ℜmn(A) ≡
1
2
η1
(
FmlRnl + F
nlRml
)
+ η2Rg
mn + η3R
mn (67)
describes a nonminimal susceptibility for the pseudoscalar field in analogy with the Higgs fields [25], but in this case
the tensor ℜmn(A) contains an additional term linear in the Maxwell tensor. This term describes effects analogous to
the so-called derivative coupling in the nonminimal scalar field theory [14, 15]. As for the tenth coupling constant
η(A), it is a direct analog of the well-known coupling constant ξ in the nonminimal scalar field theory (see, e.g.,
[11] for review and references).
B. One-parameter and two-parameters families of the models for nonminimal susceptibility tensor
The pseudoscalar χikmn(A) Fik
∗
Fmn with the nonminimal susceptibility tensor (65) can be reduced to the pseu-
doscalar
χikmn(A) Fik
∗
Fmn =
[(
Q1+
1
2
Q2
)
Rgikmn+Q3R
ikmn
]
Fik
∗
Fmn (68)
due to the relation (17) proved in the Appendix A. This means that, when we make the replacements
Q1 = Q1 +Q , Q2 = Q2 − 2Q , Q3 = Q3 (69)
with arbitrary constant Q, the invariant 14χikmn(A) φFik
∗
Fmn keeps the form and the master equations obtained by the
variation of the corresponding term in the action functional (61) remain unchanged. In this sense we can consider
the relations (69) as an analog of gauge transformations. This fact gives us an argument to focus on the problem
of an appropriate choice of the constants Q1, Q2, Q3, which allows us to simplify the model.
1. Symmetry with respect to the left and right dualizations
Let us assume that the nonminimal susceptibility tensor satisfies the following symmetry condition
∗χikmn(A) = χ
∗ikmn
(A) , (70)
which is equivalent to
∗χ∗ikmn(A) = −χikmn(A) . (71)
Taking into account the following relations for the double-dual quantities
∗g∗ikmn = −gikmn , (72)
∗ℜ∗ikmn = ℜikmn −Rgikmn , (73)
∗R∗ikmn = −Rikmn + 2ℜikmn −Rgikmn , (74)
we can conclude that the symmetry condition (70) takes place for arbitrary curvature tensor, when Q2+Q3 = 0.
This condition has been implicitly used in the work [26]. The pseudoscalar (68) takes now the form
χikmn(A) Fik
∗
Fmn =
[(
Q1−1
2
Q3
)
Rgikmn+Q3R
ikmn
]
Fik
∗
Fmn . (75)
Using the Weyl tensor Cikmn and the standard decomposition of the Riemann tensor, we can also represent the
susceptibility tensor as follows
χikmn(A) = Q3Cikmn + (Q2 +Q3)ℜikmn +
(
Q1 − 1
3
Q3
)
Rgikmn . (76)
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The condition Q2+Q3 = 0 excludes the term ℜikmn from this decomposition, since only the Weyl tensor Cikmn
and the tensor gikmn possess symmetry with respect to left and right dualizations.
Since the constraintQ2+Q3 = 0 will always be satisfied by the replacements (69) with the suitable choice of the
fitting parameter Q = − 12 (Q2 +Q3), without loss of generality, we can assume that the nonminimal susceptibility
tensor χikmn(A) obeys the symmetry condition (70). Thus our model is effectively two-parameters and one parameter,
say, Q2, is the hidden one. Besides, we can impose an additional constraint on the constants Q1, Q2, Q3, and
therefore reduce our general model to a certain one-parameter submodel. Below we consider several examples of
such submodels.
2. One-parameter submodels
Let us remind that the tensor Rim
Rim ≡ gknRikmn = 1
2
Rgim(3q1 + q2) +R
im(q2 + q3) , (77)
vanishes in a generic (curved) spacetime, when the nonminimal coupling parameters are linked by two relations
3q1+q2 = 0 and q2+q3 = 0. Analogously, the scalar R
R ≡ gimgknRikmn = R(6q1 + 3q2 + q3) , (78)
takes zero value in the curved spacetime, when 6q1+3q2+q3 = 0. Similarly, we obtain that
χim(A) ≡ gknχikmn(A) =
1
2
Rgim(3Q1 +Q2) +R
im(Q2 +Q3) , (79)
vanishes, when 3Q1 +Q2 = 0 and Q2 +Q3 = 0, and
χ(A) ≡ gimgknχikmn(A) = R(6Q1 + 3Q2 +Q3) , (80)
takes zero value, when 6Q1 + 3Q2 + Q3 = 0. Clearly, the condition 6Q1 + 3Q2 + Q3 = 6Q1 + 3Q2 + Q3 = 0 is
invariant with respect to the transformation (69), other conditions require special choices of the parameter Q.
a. The model with vanishing scalar χ(A). When 6Q1+3Q2+Q3 = 0 and thus χ(A) = 0, one obtains that
the pseudoscalar (68) turns into
χikmn(A) Fik
∗
Fmn = Q3
[
Rikmn − 1
6
Rgikmn
]
Fik
∗
Fmn . (81)
Since the term 6Q1+3Q2+Q3 is invariant with respect to the transformation (69), this model contains only two
arbitrary parameters, say, Q2 and Q3, but now Q2 does not enter the invariant (81), i.e., it becomes effectively
hidden.
b. Weyl-type relation. A model, in which 3Q1+Q2 = 0 and Q2+Q3 = 0, appears when we suggest that
χmn(A) = 0, and thus the susceptibility tensor is proportional to the Weyl tensor
χikmn(A) = Q3Cikmn . (82)
These conditions are equivalent to 6Q1+3Q2+Q3 = 0 and Q2+Q3 = 0, where the first one is invariant with respect
to (69), while the second constraint just fixes the fitting parameter (see above). Therefore we can conclude that the
previous condition with vanishing scalar χ(A) comes to this one by the suitable choice of Q, and the pseudoscalar
(68) takes the same form (81).
c. Gauss-Bonnet-type relation. The model, for which the susceptibility tensor is proportional to the double-
dual Riemann tensor
χikmn(A) = −Q3 ∗R∗ ikmn , (83)
is indicated in [21] as the Gauss-Bonnet-type model; such susceptibility tensor is divergence-free. In our context,
this proportionality yields that the nonminimal parameters are coupled by two relationsQ1−Q3=0 and 2Q1+Q2=0,
and the pseudoscalar (68) is of the form
χikmn(A) Fik
∗
Fmn = Q3R
ikmnFik
∗
Fmn . (84)
The condition Q1−Q3 = Q1−Q3+Q = 0 can be satisfied by the choice Q = Q3−Q1, i.e., the value of the fitting
parameter Q is fixed. The condition 2Q1 + Q2 = 2Q1 + Q2 = 0 is invariant with respect to the transformations
(69), thus, this requirement makes the model one-parameter. Let us mention, that the choice Q = Q1, provides
the relation Q1 = Q2 = 0 to be valid, thus we deal with the model related to χ
ikmn
(A) = Q3R
ikmn.
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C. Nonminimal electrodynamic equations
Electrodynamic equations, which correspond to the action functional (60) with (1) and (61), are linear and
have the standard form
∇kHik = −Ii . (85)
The excitation tensor Hik and the Maxwell tensor Fmn are linked by the linear constitutive law (here we assume
that Q2 = −Q3)
Hik ≡ Hik + F ik +RikmnFmn +
[
φ
( ∗
F ik + χikmn(A)
∗
Fmn
)]
. (86)
The first term Hik given by
Hik ≡ −1
2
η1Ψ
2
0
[(
Rkm∇iφ−Rim∇kφ)∇mφ] , (87)
does not contain the Maxwell tensor and thus presents the so-called spontaneous polarization-magnetization tensor;
in our case this quantity relates to the nonminimal polarization-magnetization of the axionically active medium,
since it is linear in the Ricci tensor on the one hand, and in the four-gradient of the pseudoscalar (axion) field,
on the other hand. The third term on the right-hand side, which is linear in the Maxwell tensor, is the curvature
induced polarization-magnetization, appeared in the nonminimally extended pure Einstein-Maxwell model [21].
The contribution detailed in square brackets describes the axion-photon coupling, the terms φ and
∗
F ik enter
the equations in the multiplicative form only. The nonminimal axion contribution φχikmn(A)
∗
Fmn is a new term in
comparison with the minimal model. The four-vector of the electric current has the standard Vlasov form (21) as
in the minimal model; again, it satisfies the conservation law ∇iIi=0.
D. Nonminimal equation for the pseudoscalar (axion) field
Nonminimally extended master equation for the pseudoscalar φ takes the form
∇m
[(
gmn+ℜmn(A)
)
∇nφ
]
+
[
m2(A)+V
′(φ2)+η(A)R
]
φ =
= − 1
Ψ20

∑
(a)
∫
dPf(a)G(a)+
1
4
∗
Fmn
(
Fmn+χikmn(A) Fik
) , (88)
where ℜmn(A) and χikmn(A) are given by (67) and (65), respectively. This equation is a nonminimal generalization of
the master equation (7).
E. Nonminimal generalization of the equations for the gravitational field
Variation of the action functional (60) with (1) and (61) with respect to gik gives the nonminimally extended
equations for the gravitational field
Rik−1
2
Rgik − Λgik = κ
[
T
(m)
ik +T
(EM)
ik +T
(A)
ik +T
(NMEM)
ik +T (NMA)ik
]
. (89)
with the tensors T
(EM)
ik and T
(A)
ik given by (10) and (11), respectively. The nonminimal extension of the stress-
energy tensor contains two contributions: first, T
(NMEM)
ik describing pure nonminimal electromagnetic part (see,
e.g., [21] for details), second, the nonminimal axion part T (NMA)ik . These tensors can be specified as follows:
T
(NMEM)
ik = q1T
(1)
ik + q2T
(2)
ik + q3T
(3)
ik , (90)
T (NMA)ik =
(
Q1 − 1
2
Q3
)
T (1)ik +Q3T (3)ik +Ψ20
[
η1T (4)ik + η2T (5)ik + η3T (6)ik + η(A)T (7)ik
]
, (91)
where we put Q2 = −Q3. Nine nonminimal contributions to the stress-energy tensor can be divided into two
groups. The first group
T
(1)
ik =
1
2
[∇i∇k − gik∇l∇l] [FmnFmn]−RFimF mk − 12FmnFmn
(
Rik−1
2
Rgik
)
, (92)
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T
(2)
ik = −
1
2
gik
[∇m∇l (FmnF ln)−RlmFmnF ln]− F ln (RilFkn +RklFin)− 12∇m∇m (FinF nk ) +
+
1
2
∇l
[∇i (FknF ln)+∇k (FinF ln)]−RmnFimFkn , (93)
T
(3)
ik =
1
4
gikR
mnlsFmnFls−3
4
F ls (F ni Rknls+F
n
k Rinls)−
1
2
∇m∇n [F ni F mk + F nk F mi ] , (94)
does not contain pseudoscalar field. Other two terms
T (1)ik ≡
1
2
[∇i∇k−gik∇l∇l]
[
φ
∗
FmnF
mn
]
− 1
2
Rikφ
∗
FmnF
mn , (95)
T (3)ik ≡ −
1
2
∇m∇n
[
φ
( ∗
F ni Fk
m+
∗
F nk Fi
m
)]
+
1
4
φ
∗
Fmn
(
FilR
l
kmn+FklR
l
imn
)
, (96)
are linear in the pseudoscalar field φ, and last four terms
T (4)ik ≡
1
2
gik
(
Rln−∇l∇n
)
(Fnm∇mφ∇lφ) + 1
2
Rln∇lφ (F ni ∇kφ+F nk ∇iφ) +
1
4
∇l∇l [∇mφ (Fmi∇kφ+Fmk∇iφ)] +
+
1
4
∇l [∇i (F mk ∇mφ∇lφ)+∇k (F mi ∇mφ∇lφ)] +
1
4
∇m [∇i (Fmn∇kφ∇nφ)+∇k (Fmn∇iφ∇nφ)] +
+
1
2
Fmn (Rin∇kφ+Rkn∇iφ)∇mφ+ 1
2
(Rmi F
n
k+R
m
k F
n
i)∇mφ∇nφ , (97)
T (5)ik = R∇iφ∇kφ+ (gik∇n∇n −∇i∇k) [∇mφ∇mφ] +∇mφ∇mφ
(
Rik−1
2
Rgik
)
, (98)
T (6)ik = ∇mφ [Rmi ∇kφ+Rmk ∇iφ] +
1
2
gik (∇m∇n −Rmn) [∇mφ∇nφ]−∇m [∇mφ ∇i∇kφ] . (99)
T (7)ik = (∇i∇k − gik∇m∇m)φ2 −
(
Rik−1
2
Rgik
)
φ2 , (100)
are quadratic either in the four-gradient ∇kφ, or in the axion field itself. In order to write these nine nonminimal
contributions in an appropriate way we have used the Bianchi identities
∇iRklmn +∇lRikmn +∇kRlimn = 0 , (101)
the properties of the Riemann tensor
Rklmn +Rmkln +Rlmkn = 0 , (102)
as well as the rules for the commutation of covariant derivatives
(∇l∇k −∇k∇l)Ai = AmRimlk . (103)
F. Compatibility conditions for the nonminimal master equations
The Bianchi identity requires, as usual, that the total stress-energy tensor is divergence-free
∇k
[
T
(m)
ik +T
(EM)
ik +T
(A)
ik +T
(NMEM)
ik +T (NMA)ik
]
= 0 . (104)
In the Appendix B we show explicitly that this relation with nonminimal tensors T
(NMEM)
ik and T (NMA)ik , given by
(90)-(100), yields formally the same equation, as in the minimal model (see (16)). Thus, the requirement (30) for
the force four-vector should be valid. Only one new detail appears: the pseudoscalar G(a), which is given by (25)
in the minimal case, can be extended as follows:
G(a) → G(a) + λ(a)φR+ µ(a)R pk∇kφ+ ν(a)Rmn pn∇mφ+ ω(a)RikmnpkFmn∇iφ+ . . . , (105)
where the nonminimal part contains various convolutions of the Riemann tensor with the particle momentum
four-vector, the Maxwell tensor, four-gradient of the axion field, etc.
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IV. CONCLUSIONS
We formulated the nonminimal Einstein-Maxwell-Vlasov-axion model, i.e., obtained the self-consistent system
of master equations, which describes the evolution of nonminimally coupled gravitational (see Subsection III E),
electromagnetic (see Subsection III C) and pseudoscalar (see Subsection III D) fields in the multi-component rela-
tivistic plasma. We followed the combined approach: we used the Lagrange formalism to derive the nonminimally
extended field equations, and the formalism of relativistic kinetic theory to link the pseudoscalar, vectorial and
tensorial sources in the right-hand sides of the field equations with the macroscopic moments of the plasma dis-
tribution function. Then we checked directly the compatibility conditions to verify the self-consistency of this
combined approach. We prepared the model for the next step: for cosmological and astrophysical applications.
In this work we follow the Vlasov concept of the cooperative fields. First of all, the gravitational field is
considered to be the cooperative one: on the one hand, it governs the evolution of the electromagnetic and pseu-
doscalar (axion) fields and the plasma particle dynamics; on the other hand, these fields and plasma particles form
the corresponding sources for the gravity field evolution. Second, we consider the cooperative electromagnetic
field generated in plasma as a macroscopic field averaged over the statistical ensemble; the Lorentz force guiding
the plasma particle contains this macroscopic electromagnetic field, and the electric current in the electrodynamic
equations includes the first-order macroscopic moment of the distribution function. Third, evolution of the cooper-
ative pseudoscalar (axion) field, on the one hand, is regulated by the cooperative gravitational and electromagnetic
fields and by the pseudoscalar source induced in plasma; on the other hand, this axion field contributes to the total
stress-energy tensor, the source for the gravitational field, forms specific current-like source in the electrodynamic
equations, and acts on the plasma particles via the force appeared in the relativistic kinetic equation.
Only one element of the model is not yet fixed explicitly: the density G(a) of the pseudoscalar source J
appeared in the master equation for the axion field (88). Its structure is assumed to be of the form (105) with
(25). The coefficients α(a), . . . etc., are introduced there phenomenologically. When this quantity is fixed, one
can reconstruct the force Ri(a) (acting on the plasma particle) using the integral equation (30). We considered the
forces of three types. First, when G(a)=0, one obtains that Ri(a)=0, and we deal with plasma particles influenced
by pure Lorentz force; this case relates to the vanishing entropy production. Second, when Ri(a)pi 6= 0, we deal
with the model, in which the particle mass is not constant and depends on the square of the pseudoscalar field
(32). We indicated the third version of the force, for which Ri(a)pi = 0, as the ponderomotive force; we illustrated
the procedure of reconstruction of this force with the example of Ri(a) quadratic in the particle four-momentum
(see (33)). We expect that further development of this theory and (probably) new experimental data will clarify
the structure of this force.
Appendix A
Let us transform the pseudotensor
∗
Fmn Fmq =
1
2
ǫmnklFklFmq (A1)
using the standard decomposition of the Maxwell tensor
Fkl = EkUl − ElUk − ǫkljsBjUs , (A2)
where El is the electric field four-vector, B
j is the magnetic excitation four-vector, Uk is the time-like velocity four-
vector of the observer. The four-vectorsEl and B
j are orthogonal to the velocity four-vector, i.e., ElU
l = 0 = BjUj .
Taking into account the identity
ǫkljsǫ
kmnp = −δmnpljs , (A3)
where δmnpljs is the six-indices Kronecker tensor defined as
δ
mnp
ljs ≡ δml δnpjs +δms δnplj +δmj δnpsl , δnpjs = δnj δps−δns δpj , (A4)
we obtain by direct calculations that
∗
Fmn Fmq = δ
n
q EmB
m . (A5)
The convolution with respect to n and q yields
∗
Fmn Fmn = 4EmB
m , (A6)
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thus the formula
1
4
δnq
∗
FmnFmn −
∗
Fmn Fmq = 0 (A7)
is valid. This relation can be also interpreted as follows: the pseudotensorial analog of the stress-energy tensor of
the electromagnetic field is equal to zero identically.
Appendix B
In order to check the compatibility conditions in case of the nonminimally extended model (see (104)), we
calculate sequentially the divergences of all elements of the total stress-energy tensor of the plasma, electromagnetic
and pseudoscalar fields nonminimally coupled to gravity. First of all, we represent the divergence of the T
(EM)
ik
tensor as follows:
∇iT (EM)ik = Fkn∇mFnm = Fnk
{
In+
∗
Fnm∇mφ+∇m
[
Hnm +RnmpqFpq+φχnmpq(A)
∗
F pq
]}
, (B1)
using the extended Maxwell equations (85) with (86). Then we transform the divergence of the tensor T
(A)
ik
∇iT (A)ik = Ψ20
[∇i∇iφ+m2φ+ V ′(φ2)φ]∇kφ =
= −∇kφ
{
Ψ20
[
∇m
(
ℜmn(A)∇nφ
)
+η(A)Rφ
]
+
∑
(a)
∫
dPf(a)G(a)+
1
4
∗
Fmn
(
Fmn+χikmn(A) Fik
)}
, (B2)
using the nonminimal master equation for the pseudoscalar field (88). From the sum of these two divergencies we
extract the terms linear in the parameter q1 and compare it with the divergence of the tensor T
(1)
ik :
∇iT (1)ik = −Fkn∇i(RFin) . (B3)
Then we continue this procedure, using the following formulas for the terms, which include q2 and q3:
∇iT (2)ik = −Fkn∇i(RilF ln + FilRln) , (B4)
∇iT (3)ik = −Fkn∇i(RinpqF pq) . (B5)
When we deal with the term
∇iT (1)ik = −∇i(Rφ
∗
F in)Fk
n +
1
4
RFpq
∗
F pq∇kφ , (B6)
we collect the expressions in front of the parameter (Q1− 12Q3), since we assume here that Q2 = −Q3 and take into
account that T (2)ik can be transformed by using (A7) and be included into the term 12T
(1)
ik . Similarly, we compare
the terms, which contain Q3, using
∇iT (3)ik = −
1
2
Fk
n∇i[(Rinpq − ∗R∗inpq)φ
∗
F pq] +
1
4
RmnpqF
mn
∗
F pq∇kφ , (B7)
then compare the terms linear in η1, η2, η3, keeping in mind that
∇iT (4)ik = −
1
2
Fk
n∇i[(Rli∇nφ−Rln∇iφ)∇lφ] +
1
2
∇kφ∇i[(RinF ln + FinRln)∇lφ] , (B8)
∇iT (5)ik = ∇kφ∇i(R∇iφ) , (B9)
∇iT (6)ik = ∇kφ∇i(Rni ∇nφ) , (B10)
and finally, the terms linear in ηA, using the formula
∇iT (7)ik = Rφ∇kφ . (B11)
Direct calculations show that all the terms linear in the mentioned coupling constants disappear, and the compat-
ibility conditions (104) written in the nonminimal case, reduce to the form (16) obtained for the minimal case. In
other words, the requirement (30) for the force-like four-vector Ri(a) in the plasma nonminimally coupled to gravity
has the same form as in the minimal case, but now the pseudoscalar Q(a) can contain the appropriate nonminimal
terms in addition to the terms written in (25).
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